Abstract. Let P 2 r be the projective plane blown up at r generic points. Denote by E 0 ; E 1 ; : : : ; Er the strict transform of a generic straight line on P 2 and the exceptional divisors of the blown{up points on P 2 r respectively. We consider the variety V irr (d; d 1 ; : : : ; dr ; k) of all irreducible curves C in jdE 0 ? P r i=1 d i E i j with k nodes as the only singularities and give asymptotically nearly optimal su cient conditions for its smoothness, irreducibility and non{emptiness. Moreover, we extend our conditions for the smoothness and the irreducibility on families of reducible curves. For r 9 we give the complete answer concerning the existence of nodal curves in V irr (d; d 1 ; : : : ; dr ; k).
In this paper, we concentrate on the case S = P 2 r , the projective plane blown up at r generic points p 1 ; : : : ; p r . Let E 0 ; E 1 ; : : : ; E r denote the strict transform of a generic straight line on P 2 and the exceptional divisors of the blown{up points on P 2 r , respectively. Then for an irreducible nodal curve C 2 jdE 0 ? In the blown{down situation, such a curve C corresponds to a plane curve of degree d having (not necessarily ordinary) d i {fold points at p i , 1 i r, and k 0 k nodes outside. For the variety of irreducible plane curves of xed topological (or analytic) type, E. Shustin gives in ( Sh2] ) an asymptotically improved su cient condition for the smoothness and the irreducibility: In section 3, we shall give a complete answer for the existence problem in the case of r 9 blown{up points (Theorems 3 and 4). For r 10, we obtain an exponentially optimal su cient condition (Corollary 3.1.7), that is, of the same exponent in d as the known restrictions for the existence of the corresponding plane curves with d i {fold singularities S i (1 i r) and k 0 nodes S r+1 ; : : : ; S r+k 0 (from Pl ucker formulae to inequalities by Varchenko Var] and Ivinskis Ivi, HiF] ). These restrictions are of type S 1 ; : : : ; S r+k 0 (in Sh1]):
( (S i ) + 4)( (S i ) + 5) ;
which is not exponentially optimal since the right{hand side may be of order four in d. For the proof, we combine a modi cation of the method of A. Hirschowitz in Hir] and the smoothing of nodes (cf. Ta1]).
The main point of interest of our paper is in obtaining su cient conditions for the smoothness, the irreducibility and the existence, even when (0.0.1) does not apply.
For large r, our results are (in d) asymptotically nearly optimal.
We should like to thank the referee for useful comments.
Notation and terminology
Throughout this article we consider all objects to be de ned over an algebraically closed eld K of characteristic zero. We use the following notations:
P 2 r | the projective plane blown up at r generic points p 1 ; : : : ; p r . m z | the maximal ideal in the local ring O P 2 r ;z , z 2 P 2 r .
E 0 | the strict transform of a generic straight line (in P 2 ). E i (1 i r) | the exceptional divisor of the blown{up point p i on P 2 r . V irr (d; d 1 ; : : : ; d r ; k) | the variety of all irreducible curves C in the linear system jdE 0 ? P r i=1 d i E i j having k nodes as their only singularities.
Furthermore, for a reduced nodal curve C P 2 r , C = C 1 : : : C s (C i irreducible), having precisely k nodes as their only singularities and a divisor D on P 2 r , we denote: V (jDj; C) | the variety of all reduced curvesC =C 1 : : : C s in the linear system jDj with precisely k nodes as their only singularities, whose componentsC i have the same type (that is, are in the same linear system and have the same number of nodes) as the components C i (1 i s) of C. Proof. We have an exact sequence : : : ! H 1 (P 2 r ; O P 2 r (C)) ! H 1 (C; N C=P 2 r ) ! H 2 (P 2 r ; O P 2 r ) ! : : :
where, by Serre duality, H 2 (P 2 r ; O P 2 r ) = H 0 (P 2 r ; K P 2 r ) = 0 . Hence, the statement of the proposition follows immediately from the following commutative diagram with exact columns and diagonal . 
nodes of C. The degree of H being minimal, we conclude that either h (1) = 1 or h (1) = h (2) = 2. But in these cases, using the obvious constructions and Bertini's theorem, we can show the existence of an irreducible curve of degree h (1) + h (2) , which contains the nodes of C lying on H 1 H 2 . Such a Cremona map corresponds to the standard Cremona transformation in P 2 inducing the base change in Pic(P 2 r ): (C) The exceptional case (d; d 1 ; : : : ; d r ) (1; 1; 1; 0; : : : ; 0) corresponds exactly to the exceptional curves with data (2; 1; 1; 1; 1; 1) the conic through 5 of the generic points (3; 2; 1; 1; 1; 1; 1; 1) the cubic through 7 of the generic points having a node at one of them (4; 2; 2; 2; 1; 1; 1; 1; 1) the quartic through 8 generic points having nodes at three of them (5; 2; 2; 2; 2; 2; 2; 1; 1) the quintic through all 8 generic points having nodes at 6 of them (6; 3; 2; 2; 2; 2; 2; 2; 2) the sixtic having nodes at 7 of the generic points and a triple point at the remaining one For the proof, using Cremona transformations, we already saw that we can reduce the existence problem to the case of minimal data. Due to the independence of node smoothings in the case r 9, it will then be enough to construct only rational We prove this in two steps: rst, we shall prove the existence of a non{singular curve in such linear systems on P 2 r by means of some modi cation of the Hirschowitz{ criterion (1.2.2), afterwards, we obtain the required nodal curves by a suitable deformation of the union of the previous curve with generic straight lines. 3.2. Existence of nodal curves on P 2 r , r 9. As mentioned before, we can restrict to minimal tuples (d; d 1 ; : : : ; d r ) and construct only rational curves. In the case r 8 the statement is, probably, known. Nevertheless, we provide here both, the proof for r 8 and r = 9. tersection points of C and C 0 . Now, we assume C to be irreducible. If d = 5, then C is a generic curve in one of the following base{point{free linear systems j2E 0 j ; j2E 0 ? E 1 j ; j2E 0 ? E 1 ? E 2 j ; whence a generic member of F turns out to be a nodal curve. It remains to prove that for d 6 a generic memberC of the family F is a nodal curve. Indeed, for the canonical divisor K P 2 7 we have (K P 2 7 C) < 0 and (K P 2 7 C 0 ) < 0, hence by ( Nob] We shall apply the following lemma, which will be proven at the end of this section:
Lemma 3.2.10. Let L ij be the (unique) line in the linear system jE 0 ? E i ? E j j, 1 i < j 9. For any m 1 there exists an irreducible rational nodal curve F m 2 j3mE 0 ? mE 1 ? : : : ? mE 8 ? (m?1)E 9 j ; which meets every line L ij , 1 i < j 9, and the exceptional divisors E 1 ; : : : ; E 9 , transversally and only at non{singular points.
Taking the curve F m from this lemma and applying the base change (3.1.1) in Pic(P 2 9 ) with (j; m; n) = (1; 2; 9), one easily sees that F m belongs to the linear system j(3m Clearly, to get the latter curves, it is enough to prove Lemma 3.2.10. In the rst two cases we can proceed as in the situation d = 3m + 2.
Proof of Lemma 3.2.10. We divide our reasoning into several steps.
Step 1. First, we shall show the following. is Zariski{open in (P 2 ) 9 , and there is a quasiprojective hypersurface S (P 2 ) 9 such that the linear system (3.2.11) is non{empty and contains an irreducible curve for any (p 1 ; : : : ; p 9 ) 2 S. Indeed, assume that (p 1 ; : : : ; p 9 ) 2 (P 2 ) 9 are independent generic points. Applying successively the base change (3.1.1) with (j;`; n) = (1; 2; 3); (4; 5; 6); (7; 8; 9); (3.2.12) respectively, we transform the system (3. In the latter representation, the non{emptiness of the linear system means that the blown{up points p 0 2 ; : : : ; p 0 8 are distinct points on a plane cubic C 3 with a singularity at p 0 1 . This, evidently, imposes one non{trivial condition on the points p 0 1 ; : : : ; p 0 9 in contrary to the generality of the initial points p 1 ; : : : ; p 9 . On the other hand, choosing an irreducible cubic C 3 with a singularity at a point p 0 1 , arbitrary distinct points p 0 2 ; : : : ; p 0 8 2 C 3 , and p 0 9 6 2 C 3 , and applying the inverse process of base changes, under the condition that p 1 ; : : : ; p 9 belongs to some hypersurface in (P 2 ) 9 , one obtains an irreducible curve in the system (3.2.11), which is unique by B ezout's Theorem.
Step 2. In the previous notation, let us specialize the points p 0 1 ; p 0 4 ; p 0 9 on a line L 0 P 2 . Applying the base change (3.2.12) in the inverse order to P 2 (p 0 1 ; : : : ; p 0 9 ) and blowing down the new exceptional curves, we obtain an irreducible plane sextic curve with a triple point p 00 1 , double points p 00 2 ; : : : ; p 00 8 and a non{singular point p 00 9 . Since the applied operation is a composition of three Cremona transformations of P 2 with the fundamental points (p 0 7 ; p 0 8 ; p 0 9 ),(p 0 4 ; p 0 5 ; p 0 6 ),(p 0 1 ; p 0 2 ; p 0 3 ), respectively, the points p 00 1 ; p 00 4 ; p 00 9 lie on a straight line L 00 P 2 , which corresponds to the strict transform of L 0 . We continue in such a manner until we get an irreducible plane curve C 3m (p) of degree 3m with an (m+1) intersects each L ij , 1 i < j 9 transversally. Since the base change simply interchanges lines L ij with exceptional divisors E s , we can claim that the intersection with each exceptional divisor E 1 ; : : : ; E 9 is transversal as well.
Step 3. On the other hand, we have dim ( 1 \ 3 ) = dim S = 17 < 18 dim ( 1 \ 2 ) :
That means, there exists a rational plane curve of degree 3m with 8 ordinary m{fold points, one ordinary (m?1){fold point and, additionally, m nodes. Moreover, this curve intersects transversally with a straight line through any two of the 9 multiple points. Blowing up these 9 points, we get the desired curve F m P 2 9 .
3.3. Plane curves with generic multiple points. It will be convenient for us to deal here with plane curves having ordinary multiple points instead of non{ singular curves on the blown{up plane. Step 1: Assume that I = f1; : : : ; rg, Step Finally, consider for each r{tuple (p 1 ; : : : ; p r ) of points in P 2 the non{empty linear system of curves with multiplicity at least d i at p i (1 i r). Then in each of the occurring cases the Hirschowitz criterion (1.2.2) implies the non{speciality. Hence such linear systems are equidimensional and give an irreducible variety. But the condition to be irreducible with only given non{degenerate multiple points is open (it is described by inequalities); hence the existence of such a curve in a more special situation (as considered above) implies the existence in the original situation. 
